Taylor number on the amplification factor is reduced by increasing the circumferential direction wave number. The flow stability is affected by the geometry of flow field (the radius ratio) at non-zero circumferential direction wave numbers.
Introduction
The linear stability of Couette flow in the annulus between a rotating inner cylinder and a stationary concentric outer cylinder has been studied both theoretically and experimentally for many years [1] . This type of flow, in its general form between two concentric cylinders rotating at different speeds was first studied by Couette in 1901. Instabilities in this flow were investigated later by Taylor in 1923 [2] . Taylor conducted a simple flow experiment to validate his analytical solution for the onset of the flow instability. Since then, research on this topic became a hotspot following Taylor's pioneering work [3] [4] [5] [6] .
The stability of suspension in the porous annulus is affected by the flow in both axial and radial directions in the annulus between differentially rotating porous cylinders [7] . This type of flow occurs during dynamic filtration using a rotating filter. Our interest in the effect of the complex fluid is motivated by the processing of a suspension in a rotating filter device during dynamic filtration. In the rotating filter devices, the axial flow introduces a suspension into the annulus between a rotating porous inner cylinder and a stationary impermeable outer cylinder. Filtrates pass radially through the porous wall of the rotating inner cylinder, while the concentrate liquid remains in the annulus. At this stage, some vortices appearing in the device are believed to help wash the filter surface of the inner cylinder and remove particles, thus preventing the plugging of pores of the filter media [8] .
-------------- So far, most of research on the stability of Couette flow has been done for simple fluids. However, interest in the stability of suspension in the annulus between the cylinders starts to rise. For example, applying the Navier-Stokes and continuity equations, Min and Lueptow [9] studied the case of infinitely long concentric cylinders with both radial inflow and radial outflow. Due to the neglected effects of the particle phase, their stability analysis of the Couette flow was incomplete. A few years later, further study by Johnson and Lueptow [7] also ignored the effects of the particles phase. In 2001, Ali and Lueptow [10] realized that the effects of the particle phase play an important role in the stability of the Couette flow. But with the missing disturbance in θ direction in this system, the analysis was also incomplete.
Based on the methodology of stability analysis for suspension flows established in earlier works for different flow fields, such as channel flow [11] [12] [13] , pipe flow [14] and Taylor--Couette flow [15] , in the present study, we provide a method of the linear hydrodynamic stability analysis for the flow in annulus between a rotating inner cylinder and fixed concentric outer cylinder with dilute concentration suspension presented in the fluid. The suspended particles are treated as the continuous phase. The amplification factors are obtained under all given conditions. The relations between the amplification factor and the other parameters are discovered.
Problem formulation and stability analysis
The standard formulation for two-phase flow problem would be adopted in the present study. The continuity equation and Navier-Stokes equation are applied for a dilute concentration of particles [16] . In this case the continuity and Navier-Stokes equations in cylindrical co-ordinates (r, θ, z) are applied to the continuous fluid phase and the discontinuous particle phase. The flow is assumed to be steady and the fluid is incompressible. The cylinders are assumed to be infinitely long with the inner cylinder rotating and the outer cylinder fixed. For axisymmetric flow, the continuity and Navier-Stokes equations for the fluid phase are:
In eqs. (1a-1d), the asterisks indicates dimensional variables, and V fr * , V fθ * , and V fz * are the flow velocities in the r * , θ * and z * directions, respectively. t * is the time, p * -the pressure, ρ f -the fluid density, n -the number density of the particle, and g -the acceleration of gravity. The particle phase equation is similar to the fluid phase equation, except that the viscous terms are absent. The continuity and Navier-Stokes equations for the particulate phase are: 
In eqs. (2a-2d), V pr * , V pθ * , and V pz * are the particle velocities in the r * , θ * and z * directions, ρ p is the particle density, and α p -the volume fraction of particles. α f is the volume fraction of the fluid such that α p + α f = 1. The volume fraction of fluid is much larger than that of particles in this suspension, so α f can be assumed approximately equal to unity. It does not appear in the fluid phase equations. However, we should note that the volume fraction of particles is related to the number density by α P = nπφ *3 /6, where φ * is the diameter of the particle. The F * on the right-hand side of the momentum phase equation is the Stokes drag and added mass, expressed as:
Here µ is the dynamic viscosity of the suspension [17] . The non-dimensional form of equation is obtained by using the scales:
where the characteristic length d is the gap width between the two cylinders d = r 2 -r 1 , in which r 1 and r 2 are the inner and outer radii of the cylinder. The velocities are non-dimensionalized using the characteristic velocity of rotation Ω 1 r 1 , in which Ω 1 is the rotational speed of the inner cylinder. τ = d 2 /ν is the characteristic viscous time scale. In the dimensionless form of the continuity and Navier-Stokes equations the following parameters will appear: the density ratio ε = ρ p /ρ f and the Taylor number Ta = Ω 1 r 1 d/ν. Here υ is the kinematic viscosity of the suspension. The Taylor number is usually called the rotating Reynolds number. 
The prime denotes the perturbation components. A is the concentration of particles in the undisturbed state, and the stable velocity is given by 1 2 ( ) V r C r C r = + , where the constants C 1 and C 2 are functions of the radius ratio η = r 1 /r 2 .
The perturbations are expressed as: 
where
u(r), v(r), w(r), u p (r), v p (r), w p (r), ω(r)
, and α p (r) are the amplitudes of the disturbance, k is the axial wave number of the disturbance, m -the circumferential direction wave number of the disturbance, and σ is an amplification factor. Substituting eqs. (4) and (5) into dimensionless continuity and Navier-Stokes equations, and linearization of the equations by discarding higher order non-linear terms result in the final form of the disturbance equations.
The result of the continuity and Navier-Stokes equations for the particle fluid phase is obtained by a solution procedure. The eigenvalue problem can be rearranged and written in the implicit functional form as:
in which the parameters φ, k, m, ε, and η are usually fixed and the solution of the differential equations is obtained by spectral methods using the procedure outlined in Wan et al. [18, 19] .
To validate the solution procedure, results from Ali and Lueptow [10] are compared with our results and shown in fig. 1 . Good agreement is found for the values of critical Taylor numbers Ta c at different wave numbers k, which confirms the current method.
Results and discussions
The amplification factor σ for transition from stable cylindrical Couette flow to supercritical Taylor 2. With the other conditions fixed, the particle concentration has significant effect on the amplification factor σ. The increase of amplification factor σ indicates that the flow becomes less stable. By contrast, the flow tends to be more stable with the reduction of σ. Given the particle concentration rise ranging from 0.05 to 0.08, the amplification factor σ increases, in which case the flow is the most unstable. In addition, if the circumferential direction wave number changes from 0 to 3 while all the other conditions are fixed, the amplification factor σ will decrease. It implies that the flow becomes more stable at the growing wave number in the circumferential direction. The above results discover how the hydrodynamic stability of the suspension Couette flow is affected by the particle concentration and circumferential direction wave number.
The effect of the axial wave number on the amplification factor σ for different wave number in the circumferential direction is shown in fig. 3 . It appears that the stability of the suspension is sensitive to the axial wave number. However, with the increase of circumferential direction wave number, the effect of the axial wave number is attenuated. Therefore, the wave number in the circumferential direction could alter the effect of the axial wave number on the stability of suspension.
The effect of density ratio ε on the amplification factor σ is shown in fig. 4 for different wave numbers in the circumferential direction. If the density ratio ε is less than 0.1, it has little effect on the amplification factor. Thus, if the particle density is much smaller than the fluid density, the particle density does not affect the stability of the suspension. However, by varying the density ratio from 0.1 to 1000, the amplification factor will increase. On the other side, at large density ratio, the effect of the circumferential direction wave number on the amplification factor σ is much less. To conclude, increase of the density ratio ε reduces the effect of the wave number in the circumferential direction on the amplification factor. The amplification factor σ is affected by the critical Taylor number (shown in fig. 5 ) for different wave number in the circumferential direction. The higher is the critical Taylor number, the larger is the amplification factor σ. But the different circumferential direction wave number results in the different increase rate of the amplification factor. The larger value of m yields the lower increase rate of the amplification factor. Hence, the wave number in the circumferential direction contributes to the flow stabilization given the other conditions intact.
The effect of radius ratio η on the amplification factor σ for different wave numbers in the circumferential direction is shown in fig. 6 . It is found that the effect of the radius ratio on the amplification factor σ is strong at high wave numbers in the circumferential direction. The highest value m = 2 leads to the most stable state and the stability is enhanced with the increase of the radius ratio η. At the circumferential direction wave number m = 2, the amplification factor σ has the maximum value in the case of η = 0.5. While given m = 0 or 1, the amplification factor σ reaches the maximum at η = 0.45. So, the geometry of the cylindrical filters has effects on the stability of suspension flow. 
Conclusions
In many of the previous studies, the critical Taylor number is usually taken as a standard parameter to investigate the stability of Couette flow. Here in the present work, we provide a new way to examine the stability of the flow by the amplification factor. If the value of amplification factor is farther away from the zero point, the flow becomes more unstable.
In the current study, we discover that the wave number in the circumferential direction has a significant effect on the stability of the Couette flow, which leads to the following conclusions: First, with given particle concentration, the increase of wave number in the circumferential direction enhances the flow stability. Second, the effect of the axial wave number on the amplification factor is reduced by increasing the circumferential direction wave number. Third, increase of the density ratio causes the amplification factor less affected by the wave number in the circumferential direction. Fourth, the larger critical Taylor number yields more unstable flow but it is compensated by increasing the wave number in the circumferential direction. Fifth, at a high circumferential direction wave number, the effect of the radius ratio on flow stability is significant.
